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We study the correlations of classical and quantum systems from the information theoretical points 
' of view. We analyze a simple measure of correlations based on entropy (such measure was already 

investigated as a degree of entanglement by Belavkin, Matsuoka and Ohya). 

(D ■ §1. Introduction 

•/^ \ There are two fundamental problems in quantum information theory: a classification of quan- 

tum states of composite systems and description of correlations encoded into such states. 

In classical description of physical compound systems we assume that complete information 
about the whole system is equivalent to the complete knowledge about properties of all its sub- 
systems. This is no longer true in the quantum case. In the quantum world, there exist states 
■ of compound systems for which we have the complete information, while our knowledge about 

^ \ the subsystems can be expressed only in stochastic way. Such non-classical property of quantum 

qh' system is due to the difference of two types of probability theory. In classical probability theory 

the classical correlation of a physical compound system can be represented by a joint probabil- 
ity measure with marginal probability measures which are corresponding to each subsystem. In 
J> ' quantum case a quantum state of a composite system, i.e. a compound density operator describes 

^ . a correlation between its marginal states. However, in quantum system, it is known that the joint 

^ \ probability and the conditional probability do not generally exist, which is an essential difference 

' from classical system.'^SJ'HB xhe typical example of such difference is the existence of entangled 

Q\ . States in quantum system. 

O \ An entangled state of a composed quantum system is defined as a state which can not be 

represented as a convex sum Yjk '^kPk ® CT/t- States which are not entangled are called separable. 
However the mathematical characterization of entanglement is not yet fully understood except for 
some simple cases, for example pure states or very low dimensional mixed states. Such correlated 
^ ' states have been considered in several contexts in the field of quantum information and quantum 

probability such as quantum measurement and filtering,!^'^^) quantum compound states^"^ ' and 
lifting.l^'Si So that one have to deal with not only the correlation of entangled state but also that of 
separable state more carefully. From this point of view to give the proper classification of quantum 
states is of primary importance. Hence, one needs suitable measure of quantum correlations. 

This paper is organized as follows: In Section 2 we give the simple review of the classical 
information theory and make clear the crucial points of classical theory. In Section 3 we analyze 
three approaches to quantum entanglement based on PPT condition,'^ '^ an entanglement map 
and a quantum conditional probability operator (QCPO for short). ^ ' Some relations between these 
approaches are derived.^ ''^^■'^^'EHI 

In Section 4, we review the two types of quantum entropy, so called the quantum mutual 
entropy and the quantum conditional entropy,l^'G2J'lI3)'l2D.|2l) ^nd such entropies are applied to 
some examples of compound states. On the basis of above observation we introduce the order of 



typeset using ^PTPTeX.cIs <Ver.0.9> 



2 Yuji HIROTA, Dariusz CHRUSCINSKI, Takashi MATSUOKA and Masanori OHYA 



quantum correlation by using the symmetrized conditional entropy called the degree of entangle- 
ment.^*' Section 5 and 6 provide some examples of circulant statJ^^'^^^ which can easily com- 
pute degree of entanglement. Moreover, since they possess the same marginal states (maximally 
mixed) one can estimate the order of correlation for such class of quantum states. Interestingly 
it turned out that there exists a class of separable states which have stronger correlation than en- 
tangled states. Finally we discuss the difference between classical and quantum correlations in 
Section 7. We remark that those argument in above can be formulated at general C*-algebraic 
setting.EJnSEDJlSm) 

Throughout the paper, we use calligraphic symbols "K, 'K for complex separable Hilbert 
spaces and denote the set of the bounded operators and the set of all states on by BCK) 
and SCK), respectively. In the J-dimensional Hilbert space, the standard basis is denoted by 
{eo,ei, ■ ■ ■ ,ed~i} and the inner product is denoted by (•, •>. We write e,y for \ei){ej\. Given any 
state 9 on the tensor product Hilbert space ® 7C, we denote by Ti^G the partial trace of 9 with 
respect to 7<". 



§2. Basic terminology on classical information theory 



In classical description of a physical compound system its correlation can be represented by a 
joint probability measure or a conditional probability measure. In classical information theory we 
have proper criteria to estimate such correlation, which are so-called the mutual entropy and the 
conditional entropy given by Shannon.'^ Here we review Shannon's entropies briefly. 

Let X = {jc,|"^j and Y = {jylyLi be random variables with probability distributions P = {/?,),■ 
and Q - {qj}j, and let X ® Y :- {X x Y, R), {R = {rijjij) be their compound system. The joint 
probability rij is represented by 

nj = Pii I j)qj = pU I i)Pi, (2.1) 

where p(i \ j) (resp. p{j \ i)) is a conditional probability of X (resp. Y) under the observation of Y 
(resp. X). Then the definition of mutual entropy I{X, Y) and conditional entropies S{X \ Y), S{Y \ 
X) are given by 



I{XY):=yrij\og^, (2.2) 
S(X\Y):=-Y,qjYj P^' I P^' I ^2.3) 
S{Y\X):=-Y,PiYj P^i I P^i I (2.4) 



Using (12.11) . we can easily check that the following relations 



1{X, Y) = S{X) + S (F) -S{X® Y), (2.5) 
S{X I Y) = S{X®Y) - S{Y) = S(X) - I{X, Y), (2.6) 
S{Y I X) - S{X^Y) - S{X) - S{Y) - I{X, Y). (2.7) 



where S{X) = - Zi,- 7?,Tog and S{X^Y) - - li;y ^",7 log r;y. From the above definitions and 
relations such entropies can be recognized as measures for the correlation between two marginal 
probabilities. The mutual entropy I(X, Y) is given as the relative entropy of the correlated joint 
probability r,y and the non-correlated one piqj. On the other hand, the conditional entropy is given 
by the average of the entropy of conditional probability. 

The mutual entropy has another role in classical information theory, namely the role as the 
measure of transmitted information through a channel. Indeed, the mutual entropy I{X, Y) can be 
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represented by using the conditional probability p{j \ i) and the probability pi as 

I{X, Y) :=2]r,ylog 



Pi<lj 



pU I i)Pi 



= y pU I i)Pi log ^ . (2.8) 

Now, let us denote a transition probability matrix {p{j \ /)) by A* = (A* .) and call it a channel. We 
call the probability distribution P = {/?,) an input state, and the probability distribution Q = [qj] - 
an output state - given by 

^J = T,'^liP'=-(^*Ph- (2-9) 

i 

Finally, let us replace the notation of the mutual entropy I {X, Y) with I {P;A*). This mutual 
entropy I{P;A*) can be regarded as a measure of transmitted information through the channel 
A* from an input state P to an output state Q = A* P. From this point of view the amount of 
transmitted information through the channel corresponds to the strength of correlation between 
input system and output system which are connected to each other via the channel. In other words 
the transition (or conditional) probability p{j \ i) also represents the correlation between the input 
state P and the output state Q = A*P. Then the conditional entropy ^(X | Y) defines the amount 
of information about the input system which can not be transmitted to the output system through 
the channel A*. Actually the conditional entropy S {X\Y) in (12.61 ) is represented by 

S {X\Y) ^ S (P)- I{P;A*). (2.10) 

Let us note the important property of mutual entropy displayed by the following inequality (called 
the Shannon's fundamental inequality): 

< IiP;A*) < mm{S(P), S(A*P)}. (2.11) 

It is natural that the transmitted information is less than the information of the input system. 
So if the whole information of the input system is transmitted through the channel, then such 
communication system has a perfect correlation in the sense of transmitted information. In other 
words, such channel can be recognized as a noiseless channel. 

Let us summarize the crucial points of classical information theory: 

1 . The mutual entropy is a proper measure of correlation as the transmitted information through 
the channel. This interpretation can be done due to the relation between the joint probability 
and the conditional probability in (12.11 ). 

2. The mutual entropy satisfies the Shannon's fundamental inequality in (12.111 ). 



3. Separable states, PPT states and entanglement maps 



We start with recalling the two kind of notions of positivity, so called, complete positivity and 
complete co-positivity. A linear map;^' : B(7<') BCK) is said to be completely positive (CP, for 
short) if, for any n eM, the map 

Xn : M„(C) ® B(7C) M„(C) ® BCK), (a,-,y),-,y ^ (x(aij)\j (3.1) 

is positive. Here M„(C) stands for mx« matrices with entries in C. A linear map;i' : BCTC) — > B('K) 
is said to be completely copositive (CCP, for short) if t o^;, where t stands for transposition, is CP. 
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Let us consider two quantum systems (-K, BCK), SCK)) and (TC, BCK), SCK)). Then for the 
composite system ("Ktotah B, S) one has 

•Htotai ^-H^TC, J?1 = BCK®"7C) , S = S = S (BCK) ® B("X")) . 

Notice that 

S D conv(SCK) ® SCTC)). 

It was mentioned that conv(S('7Y) ® S(7C)) are called separable states and the subset of states 
S\conv(S('K) (g) S(7C)) is called the set of entangled states, i.e. S = Sent U Ssep- We are interested 
in the special subset of S, 

SppT = € S I W o (1 (g) t) € S) . (3.2) 

Such states are called partial positive transposition states (PPT).I23 I2D Clearly, 

S D SppT 3 Ssep- 

In general the PPT condition is not sufficient for separability. However, one haF» 

Theorem 3.1 For the pairs of Hilbert spaces ("K, 7C) = (C^, C^), (C^, C^), (C^ C^), a state 

a> eS is separable if and only if it is PPT. 

For a normal state a» € S there exists a density matrix 6 such that 

coia ®b) = Tr(a » b)e, (3.3) 

for any a e BCK), b € B(7C). By using the hnear map : B(7C) BCK) given by cpib) := 
Tr^cClw ® b)0, and its dual 0* : BCK) B(7C), a i-^ Tr.^(a » l7(-6'), the state co can be written as 

oj{a ®b) = Tr-H ^ Tr^c 0*(a)Z7. (3.4) 

It is clear that the marginal densities of 6 are given by 

Tr^e = 0(1^) € BCK), Tx<He = fi^'u) e B(7C). (3.5) 

Belavkin and Ohya observecP^''^ that such maps can be reconstructed by the Hilbert-Schmidt 
operator, which is called the entangling operator, and they showed that both (f> and (p* are CCP, but 
not always CP. For example, if w is a pure entangled state, then its entanglement map is not CP. 
Definition 3.2 A CCP map (p : B(7C) — > BCK),. normalized as Tr<^(p{l'x) = 1 is called the 
entanglement map from 0*(1<k) £ BC7C") to ^(Itc) ^ BCK). 

The density operator 9^ corresponding to the entanglement map with its marginals 0*(1<k) 
and 0( Itc) can be represented by 

9^ = Y,^{\ej)(ei\)®\ei}(ej\ (3.6) 

(see'^^'^^*). The relation <p < — > 9^ is usually called Choi-Jamiolkowski isomorphism. 

Lemma 3.3 A linear map (p : M„(C) M^iC) is CCP if and only if 9^ > 0. Clearly, (p is CP if 

and only if (p ot is CCP. 

Due to Lemma [331 we have the following criterion. 
Theorem 3.4 Ef-ESf ^ state 9^ is a PPT state if and only if its entanglement map cp is CP. 

Recently, Kossakowski et al. gave the following construction of compound density operators 
in.'^ For 6 e SCK ® TC"), we define the bounded operator 

ne-ip~'^®\%)9(p--2® Itc), (3.7) 
where p :- TT'x9. It is verified that ng satisfies 



ne > 0, 



(3.8) 
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Tr^TTe = l^e BCK). (3.9) 



We assume that p is a faithful state, i.e. p > 0. It follows from ( 13.81) and ( 13.91 ) that the operator ng 
is the quantum analogue of a classical conditional probability. Indeed, if BCK ® TC) is replaced by 
commutative algebra, then coincides with a classical conditional probability. 
Definition 3.5 An operator n e ^{'H^'K) is called the quantum conditional probability operator 
(QCPO, for short) ifn satisfies condition di.^D and d3.9D . 

It is easy to verify that any CP unital map BCTY ® TC) can be represented in the form 

n 

n^ = Y^ip{\ek){ei\)®\ek){ee\. (3.10) 

k,e 

From Lemma [331 and unitality of ip, it follows that satisfies conditions (13.81 ) and ( 13.91 ). For a 
given Tttp and any marginal state p € SCK), one can construct a compound state as 

n 

9^ = 2]p5 ^(k^)<ed)p^ ® \ek){et\. (3.11) 

k,c 

It is clear that 9^ is a PPT state if and only if the map (/? is a CCP There exists a simple rela- 
tion between the density operator 9^ in (13.61 ) and the QCPO in (13.101 ) due to the following 
decomposition of the entanglement map 0. 

Lemma 3.6 ^ Every entanglement map (p with (pil'x) = p has a decomposition 

cl>{-)=p-2(poT{-)p-2, (3.12) 

where tp is a CP unital map to be found as a unique solution to 

ipi-)=p-UoTi-)p--2. (3.13) 



Tlieorem 3.7 If a compound state 9^ given by A3.6\) has a faithful marginal state p = (pil-x), 
then 9^ is represented by 

d^ = {p^® I-k) tt^ (p5 ® Itc), (3. 14) 

where = I,k,f P~j_0(M{ek\) ® \ek)(ee\. 

The relation (13.141 ) can be regarded as a quantum analogue of the fundamental probability 
relation (12.11) . We call it the quantum density relation. 

§4. Quantum mutual entropy and quantum conditional entropy 

We extend the classical mutual entropy to the quantum system using the Umegaki relative 
entropy.l32^ 

Definition 4.1 I22).[23,[I1.I22) for any entanglement map (p : B(7<') BCK) with p = ^(Itc) and 
cr = (p*{\<]-i), the quantum mutual entropy I(f,{p, cr) is defined by 

I^ip, 0-) := S{9^,p® 0-) = Tr0^(log 9^ - log(p ® cr)), (4.1) 

where S{-, •) is the Umegaki relative entropy. 

The quantum mutual entropy /^(p, o") can be computed as follows: 

I<l,(p, 0-) = Tr0^(log 9^ - (logp (g) cr)) 

- TT9^{log 9^ - log(p (8) Itc) - log(l.K ® cr)) 

= -S (9^) - Txn^9^ log(p ® 1^) - Tr-^^^ log(l^ ® a) 

= S{p) + S{(T)-S{9^). (A.T) 
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The above relation (14.21 ) is a quantum analog of (I2.5I I. Using this decomposition (14.21) one also 
defines the quantum conditional entropies as generalizations of (12. 61 ). l\2J\i i^^^^ 

S^{(r\p)-- S{(r) - I^ip, (T) = S{e^) - Sip), (4.3) 
S^(p\(r)--S(p)- I^ip, (T) - S{9^) - S{(r). (4.4) 

Example 4.2 (Product state) For entanglement maps (pib) = pTr^ab and <p*{a) = crTr-^pa, we 
have 9(1) = p®a and hence 

I^(p,(T) = Q, S^{cT\p) = S{(r), S^{p\cr) = S{p), (4.5) 

which shows that a product state has no correlations at all. 

For the state 9 induced from the entangle map (p, the quantum mutual entropy /^(p, cr) mea- 
sures the correlation between 9 and the product state given by its marginal densities. In quantum 
system we have two types of correlated states. The first one is a separable correlated state, and 
second one is an entangled correlated state. 

Example 4.3 (Separable correlated state) For the entanglement map given by 

(Pib) = Y^AiPiTv(rib, f{a) = ^ (r,Trp,a, (^i; - 1, Ai > OV/), 

i i i 

the state 9^1, can be written in the form 

9^ = Y^AiPi®a-i, (4.6) 

i 

with p = (pil-x) = Tji^iPi^ = 0*(1'h) = Tji^iO'i- Then, we have the following inequali- 
ties]^^^ 

< I^(p, 0-) < minis (p), S{(T)], (4.7) 
S^{cr\p)>0, S^{p\cT)>0. (4.8) 

Example 4.4 (Separable perfectly correlated state) Let and {fj}j be the CONSs in and 
"TC, respectively. For the entanglement map given by 

m = 2] Ai\ei){ei\{fi, bf), 4>*{a) - J] Ai\f)(f\(ei, aei), 

i 

the state 9^ can be written in the form 

with p = 0(1^) = X Ai\ei){e,\, cr = 0*(1^) = ^.i IfiXfl Then, 

I^(p,cr) = S{p) + S(,(T)-S{9^) = S{p), (4.9) 
S^{(T\p) = S^{p\(T) = 0, (4.10) 

where S{p) = S (cr) = S (9,p) = - 1] /I,- log Aj. This correlation corresponds to a perfect correlation 
in the classical scheme. 

Example 4.5 (Pure entangled state) Let {Ai] be the sequence of complex numbers satisfying YjI UiP = 
1. For entanglement mappings 

m = 2] A,lj\ei){ej\{fj, bf), fia) - ^'^jlMfM^P ^^i), 

'J iJ 

the state 9^ can be written in the form 

'J 
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where 

\W)^Y,^iei®fi. 

i 

One has p = ^(Itc) = Z,- ^;Pk,><e,i and cr = (p*{\^) = ^ji IM^lfiKfil- Then, 

I^(p,(r) = S(p)+S{cr)-Sie^) 

= 2S(p)> minis (p),S{cr)], (4.11) 
S^icr I p) = S^ip \(T)^-S{p)< 0, (4.12) 

where Sip) = S{(T) = - Z,- log U^p. 

As is mentioned in Section 2, the classical mutual entropy always satisfies the Shannon's 
fundamental inequality, i.e. it is always smaller than its marginal entropies, and the conditional 
entropy is always positive. Note that separable state has the same property. It is no longer true for 
pure entangled states. 

We introduce another measure for correlation of compound states.E)'[I2).lin),|32) 
Definition 4.6 li3.l23.l23.IIo( the entanglement map (f> : B(7C) ^ BCK), we define 

D^ip, (T) ■- \S^{CT I p) + S^ip I a)] = ^{S(p) + S{(T)) - S{e^) . (4.13) 

Note, that D^{p, cr) = -D^{p, cr) is called degree of entanglement. 
Proposition 4,7 if is a pure state, then the following statements hold: 

1. 6^ is entangled state if and only ifD^ip, cr) > 0. 

2. 6(jy is separable state if and only ifD^ip, o") = 0. 
It is well-known that if is a PPT state, then 

S{e)-Sip)>0, S{9)-S{cr)>0, (4.14) 

where p and cr are the marginal states of 0.^^' 
Proposition 4.8 If Bij, is a mixed PPT state, then 

D^ip, 0-) < 0. (4.15) 

Suppose now that we have two entanglement mappings (p^ : B(70 BCK), (k = 1,2) such 
that 0i(%) = <p,M and <p\il<H) = <P*^{\<h) 
Definition 4.9 is said to have stronger correlation than ^2 if 

D^^ip, cr)> D^^ip, cr). (4.16) 

Several measures based entropic quantities are discussed also by Cerf and Adami,'^) Horodecki,!^ 
Henderson and Vedral,l23 Groisman et 

§5. The quantum correlation for circulant states 

5.1. A circulant state 

We start this section by recalling the definition of circulant state introduced iiP2) (see alscP^). 
Consider the finite-dimensional Hilbert space C^' {d € N) with the standard basis {cq, e\, ■ ■ ■ , ed-i). 
Let be the subspace of C' ® generated by ® e,- (/ = 0, 1, • • • , d - I) : 

Zq = span{eo®eQ, ei^ei, ••• ,ed-i ^f-rf-i). (5.1) 
For any non-negative integer a, we define the operator 5 " on C' by 

ek I > ek+a(modd), {k - 0, I, ■ ■ ■ , d - I), 
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and denote by I^a the image of Zq by l^^S" : Za = (Irf ® S ")2^o. It turns out that I^a and Zj^ (a t yS) 
are orthogonal to each other and 

&®& ^lo^Iie-'-eld-i- (5.2) 

This decomposition is called a circulant decomposition. 

Let po, pi, ■ ■ ■ , pd-i be positive dxd matrices with entries in C which satisfy 

tr(po + ---+prf-i)- 1. (5.3) 

For each matrix p^. (a = 0, 1, • • • , J - 1), we define the new linear operator on (C^)^^ as 

d-i 

pl=Y^{ei, p^ej )eij ® S "eij{S ")* , (5.4) 
0=0 

where eij means |e,)(ey|. Since S''eij{S'')* = ei+j^j+k, we note that p| can be also written as 

d-l 

pl= ^ < ^'i. Pae j )eij ® ei+a, j+a- (5.5) 

i,j=0 

One can easily check that the sum of these operators 

d-i 

P* = J]pl (5.6) 

a=0 

defines a density matrix on (C^)®^. For further details of circulant states we refer to Refs.'i3''i^ 

5.2. A family of Horodecki states 

In this and all subsequent sections, we assume that = 7C = C^, so, B('K) - B('7C) = 
M3 (C). For any a e [2, 5], we define a hnear map 0„ : MjiQ Mt,{Q as 

2 a 5 - a 
4>a = -00 + j(pi + -^j—4>2, (5.7) 

where 

1 ^ 1 ^ 1 ^ 

(poia) ^ -Y_^eij{ej,ae^ , (pi{a) = -^enls^ ei,aS^ ei^ , (p2{a) = -^eii{s^ei,aS'^ei^ . 

i,j=0 i=0 i=0 

Notice that 0o is a pure maximal entanglement map and (pi and 02 are corresponding to a separable 
perfectly correlated state (see Example 4.4). 

The marginal states p and cr are calculated easily as 

(paW ^ P = cr = ^{^eoo + en + e22), (5.8) 



and the compound state 9i (a) induced from (pa is given by 
Oiia) = ^ (paieji) ® eij ^ ^ ^ ^^ij ® (^ij + ^(^00 ® en + en ® + ^22 ® ^oo) 



5 - a/ \ 
+ (gQO ® £"22 + en (g) eoo + £"22 ® en j. 

(5.9) 
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The eigenvalues of 9i{a) are calculated as 0, |, j and So, we get 

2 2 Of a 5 - a 5 - a 2 
D{e,{a)) = --\og--- log - - — log — - - log 3. (5.10) 

where D{6\{a)) := D^^(p,p). We note that 6i{a) reconstructs the family of states analyzed in^ 
One proves 

Theorem 5.1 The states of 6\{a) can be classified by the values of a. 

1. 6\{a) is separable if and only if2<a<3; 

2. 6i{a) is both entangled and PPT if and only if3<a<4; 

3. diia) is NPT if and only ifA<a< 5. 

Due to this theorem, one can find that the D{6\ (a)) admits a natural order. That is, the cor- 
relation for an entangled state is stronger than a separable one. In addition we know also that the 
correlation for a NPT state is stronger than a PPT one. The graph of D{6\{a)) is shown in Fig.[T] 
This quantity is always negative whenever a e (4, 5]. 
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Fig. 1 . The graph of 0(6*1 (x)) 



5.3. Another sub-class of circulant states 

For each e > 0, we define the map 0e : M3(C) — » Mt,(C) as 

1 E 

where A = I + s + . 

One can find that the marginal states to be the same as Equation (15.81 ) and the state 62 (e) 
obtained from 4>e is given by 

Oiis) ^ {eji) ® eij = ^ ^ (^ij ® + ^(^^oo (8 en + f'li ® £22 + ^22 ® eoo) 

'J iJ 

+ ^(eoo®e22 + eu ®eoo + e22®eii)- 

(5.11) 

Notice that 02 (e) has a same circulant structure with (a), i.e. it is given by the mixture of (po, 4>\ 
and (^2- However the components of coefficient are different. 

We get 0, ^, ^ and ^ for the eigenvalues of 02(e)- Therefore, we have 

D{e2{e)) = log J—— + ^— log ■ 



l+e+l/e l + e+l/e l+e+l/£ l+e+l/e 
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l0£ 



logs. 



l + £+l/£ l+e+l/£ l+£+l/e 

The following theorem gives us a useful chai-acterization of 02(e)P^ 
Theorem 5.2 The states of6\{E) are classified by e as follows: 

1. 6i(s) is separable if e = I; 

2. 61(e) is both PPT and entangled for e I. 

The graph of D(02(e)) is shown in Fig. |2] D{G2{e)) takes the minimal value at £ = 1 and it is 
approximated about D(02(l)) - -flog 3 w -0.7324. As e — > or 00, 92{e) converges to a 
separable perfectly correlated state which can be recognized as a "classical state" 



Um 02{e) 

£^0 



1/ 

-\eoQ®e22 + en 



and for every e > 0, 



3,.,-.. ..-4 

lim G2{e) = l;{em ® f'n + en ® £22 + ^22 ® eoo), 



DiOiie)) <0 = hmD(02(e)) = lim D{e2ie)). 



(5.12) 

(5.13) 
(5.14) 



It shows that a correlation of a PPT entangled state 62 {e 1) is weaker than that of the (classical) 
separable perfectly correlated states in the sense of (14.161 ). 

Now, since 6\{a) and 92{e) have common marginal states, we can compare the order of quan- 
tum correlations for them. One has, for example. 



D{e2{l)) « -0.7324 > -0.7587 ~ D(6»i(3.1)). 



(5.15) 



Accordingly Theorem 15 . 1 1 and ls!2l however, ^2(1) is separable while 0\{3.l) is entangled state. In- 
cidentally, this means that the correlation for the separable state 02(1) is stronger than the entangled 
state ^1 (3.1) in the sense of (14.161) . 
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Fig. 2. The graph of ^(ezCx)) 



§6. Correlations of Bell diagonal states 

In this section, we observe the geometric model studied by B. Baumgartner, B.C. Hiesmayr 
and H. Narnhofer.^' We set 

1 



"^3 ,=0 



and define Qk^c, for any k,£ (0 < k,£ < 2), as 
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where Wk^e means the circle action given by 

27! 



( Ini \ 
Ck ^ exp(^— (/: - I)) ek-t, {i = 0, 1, 2). 



Let us define the Unear operator 9 (a, fS) on B(C^ ® C^) as 

e{a,p) := ^—^^h®h + a|%o>(%ol + '^(\Qifl){Qifi\ + \Q2X)){02fl\) 

1 + 2(a + yS) ^ 
S 2j 

(=0 

+ (^00 ® en + eoo ® e22 + en ® eoo + eii®e22 + 622 ® «'oo + ^^22 ® ^'ii) 

+ (^01 ® ^"01 + ^"02 ® ^02 + ^10 ® ^10 + e\2 ® ^12 + ^"20 ® ^"20 + ^21 ® ^21)- 

D 

(6.1) 

By computing the eigenvalues for 6(a,/3), one can find that 6{a, yS) is a state if and only if the 
parameters a,/3 satisfy 

a+yS<l, 2a - 7/3 < 2, -8a+yS<l. (6.2) 

Moreover, we ask for the condition that 6{a,IS) can be positive under partial transpose. The 
partial transpose ^6{a, jS) of 6{a,l5) is given by 



r \+2(a + B) ^ 



2 



9 ,=0 
1-a-yS^ 

+ {eoo ® en + em ® ^^22 + en ® ^"00 + eii ® ^"22 + ^"22 ® ^'oo + ^^22 ® en) 

2a -p^ 

H (^01 ® eio + eo2 ® ^20 + ^lO ® ^Ol + ^12 ® ^21 + ^70 ® ^02 + ^21 ® ^12)- 

6 

(6.3) 

Accordingly, the PPT condition holds for a, j3 which satisfy 

a+/3>-^, 8q'-/3<2, -4a + 5p<2. (6.4) 



On the domain which consists of a, /? satisfying both (16.21 ) and (I6.4I ). the state is either separable 
or bound entangled. However, it was shown that for this class all PPT states are separable (se^). 
For example, let us consider the line /J = 3/5. One has: 9{a, 3/5) is entangled if and only if 
a € [0, 1/4) U (13/40, 2/5], and it is separable if and only if a € [1/4, 13/40]. 

The marginal states p and cr are calculated to be the same as (15.81 ) . Hence we obtain 



/ ^,^\ 10a -4, /2-5a\ 31 -10a, /31 - 10a\ 
D(s(a. 3/5)) = -_ log (_) . log (^5^) 

40a + 2, /40a + 2\ , , 

By a simple calculation, it easily be verified that D{d{a, 3 /5)) is monotonically increasing if 
a € [1/20, 2/5). Hence, the values of D for a € [1/20, 1/4) (i.e. 9 (a, 3/5) is entangled.) are less 
than the ones for a € [1/4, 13/40) (i.e. 6 {a, 3/5) is separable.) (see Fig. [3]). 

Next, we analyze D{6{a,j3)) on the line a = 0. It is calculated to be 

D(m «) .Jlzl^^yi^ log (2^) . log 3. (6.6) 
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Fig. 3. The graph of D{e(x,3/5)) 

Here, we obtain 

0(9(0, 2/5)) - log 5 - 1^ log 2 > log ^ > 0, (6.7) 
0(6(0, 1)) = log ^ < 0. (6.8) 

It follows from the Mean Value Theorem that 0(9(0, p)) = has at least one solution. We can 
show easily that the function 0(9(0, P)) is monotonically increasing (see Fig|4]). Hence, it has 
just only one solution /Jo in the domain [2/5, 1]. This means that the state 9(0,P) has a non 
classical correlation when /3 € (Po, 1], i.e. the quantum mutual entropy of 9(0,p) does not satisfy 
the Shannon's fundamental inequality. 



0.6 
0.4 


















0.2 



































-0.2 
-0.4 


































-0.6 
-0.8 


































-1 


















-1.2 



















0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 



Fig. 4. The graph of 0(0(0, x)) 



On the other hand, let us consider 0(9(a,P)) on the line (5 -0.\t is given by 

/ X 20- -2 ll-a\ 2a-l l-2a + 2\ 
D((Ka, 0,) = -— log (— ) - — log (-j^) 



80-+ 1, /8Q'+r, , , 
+ — — log — — +log3. (6.9) 



In the way similar to the case of 0(9(0, yS)), we can find that there exists a solution cq in the interval 
[1/4, 1]. That is, the state 9(a,0) also has a non classical correlation on (a^, 1] (see Fig.|5]l. 
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Fig. 5. The graph of D{e{x, 0)) 



§7. Summary and Discussion 

In the section 2 we briefly reviewed the classical information theory and we mentioned that 
the mutual entropy is a proper criterion to measure a correlation of composite system as a trans- 
mitted information through a channel. Such interpretation is based on the fundamental probability 
relation (12.11) and also the Shannon's fundamental inequality (12.111 ). In the section 3 we drew a 
quantum analogue (13.141) of the fundamental relation (12.11) as the relation between a compound 
density 9^ and a quantum conditional probability operator via an entanglement map cp, and we 
called it the quantum density relation. However we have not yet discussed the role of the relation 
(13.141 ) in the context of quantum information theory. Before the discussion we summarize the 
results of the section 4-6. The quantum mutual entropy I^ip, cr) is given by the relative entropy 
between the density 9^ itself and its marginal product state p ® o" as an extension of the classical 
definition (12.21) . The conditional entropies ^^(cr | p) and S ^{p \ cr) also are defined as an quan- 
tum analogue by using the classical relation (12.61 ) and (12.71 ). Such entropies have non-classical 
properties (see Example 14.51) . How can we understand such non-classical properties? Due to the 
non-classical properties we can classify a subset of Sent (the set of entangled states) by using D 
quantity (see Proposition 14.7 1 and 14. 81 Also see Figure |4] and [5]). This is, in some sense, one of the 
answers above question. The non-classical properties of such entropies are found on the subset of 
entangled states, however such properties do not give the necessary condition of entangled states. 
Anyway it is natural to think that the mutual entropy I^{p, cr) of entangled state represents the cor- 
relation of entanglement. From this point of view during the last one decade there have been a lot 
of studies of quantum correlation by means of the mutual entropy.l^SCDnSnSJIDJlflJlSJlSJlSJla) 

On the base of above observation we introduced the order of quantum correlation in the sense of 
(14.161 ). However we know that there exist quantum entangled states with weaker correlations than 
some separable states (see the inequality (15.151 ) and Figure 3 .). How can we understand such 
correlation between separable and entangled states on the base of the fundamental density relation 
(13141) ? 

In the classical information theory the mutual entropy is the criterion to measure the trans- 
mitted information as mentioned above. We can also represent the quantum mutual entropy by 
channel representation using the relation (13.141) . If a QCPO k is given, then we can define a 
channel A* for any input state pm by 

Pout - A* (Pin) := Tr^ifl ® \)n{pl ® 1). (7.1) 

In this scheme we can call n a channel density. Applying this scheme to the density operator 9^, 
we have 



I^(p, cr) = Tr00 (log 9^ - log(p ® cr)) 
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= Tr(p5 ® 1) „^ (p-2 ® 1) \\og(p-2 (g) l);r^(p5 ® 1) - log(p » A*p) j 

IM Ap, (7.2) 

where A*^(p) := Tr.^(p5 l)7r^(p5 g) 1). The above representation of I^(p, Ap may be an quantum 
analogue of the classical representation (I2.8I ). However this mutual entropy I^(p, A*^) does not 
satisfy the following inequality on the subset of entangled state (see Example l4.5l Also see Figure 
HandE): 

< I^(p, a;) < min {S (p), S (Ajp)) . (7.3) 

From this point of view the quantum mutual entropy /^(p, cr) is not a proper measure of the 
transmitted information through the channel. 

Now we have another question from the information theoretical point of view: how can we 
connect /^(p, cr) to the transmitted information through the entanglement channel A*^ on the base 
of the quantum density relation (13.141 )? Notice that the entanglement channel A*^ can be recognized 
as the channel which transmits information from a quantum input to a quantum output. The 
measure of transmitted information for such q-q channel, which satisfies the inequality (17.31) . was 
introduced by M. 0..'^''33 Using his measure, we can show that /^(p, cr) can be divided into two 
types of correlation, one of such correlations is a transmitted correlation and another one may be 
corresponding to non-classical correlation. We will study the detail of the above problems in the 
forthcoming paper. 
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